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We theoretically investigate the optical force exerted on an isotropic particle illuminated by a
superposition of plane waves. We derive explicit analytical expressions for the exerted force up
to quadrupolar polarizabilities. Based on these analytical expressions, we demonstrate that an
illumination consisting of two tilted plane waves can provide a full control on the optical force.
In particular, optical pulling, pushing and lateral forces can be obtained by the proper tuning of
illumination parameters. Our findings might unlock multiple applications based on a deterministic
control of the spatial motion of small particles.
I. INTRODUCTION
Light as an electromagnetic radiation carries energy
and momentum. The direction of energy flux of an elec-
tromagnetic wave at any point in space-time is given by
the Poynting vector S(r, t) and the linear momentum
density (i.e. linear momentum per unit volume) is given
by S(r, t)/c2, where c is the speed of light1. The exchange
of linear momentum of light with an electromagnetically
interacting particle can lead to an exerted optical force,
known as the radiation pressure. In general, the acceler-
ation caused by the radiation pressure on heavy macro-
scopic objects is considerably small. However, this accel-
eraion can be considerably large for small particles (com-
pared to wavelength) when illuminated by a light beam
with a moderate intensity. Therefore, light beams can be
used to move, trap, or guide a particle. This became ex-
perimentally feasible after the invention of lasers and the
challenge was overcome by Arthur Ashkin that used a sin-
gle weakly focused laser beam/two counter-propagating
beams to move/trap microparticles2,3. From then on,
the technique has been widely used to manipulate atoms,
molecules4,5, and biological cells2,6; and it has opened a
brand new field of research termed as optical manipula-
tion7,8.
Besides, one can have further control on the direction
of the exerted optical force and achieve counter-intuitive
forces like the optical pulling or lateral forces9–15. The
former being also called an optical tractor beam. These
forces have been obtained by engineering the excitation
and particle’s symmetry and material. In particular, op-
tical pulling force on an isotropic particle can be ob-
tained through the interference of multiple plane waves,
solenoidal beams16, or Bessel beams17. Furthermore, em-
ploying chiral particles, gain media, or plasmonic inter-
faces can also allow achieving exerted lateral and pulling
forces on the particle15,18–26.
Multipole expansion is a key tool to study several op-
tical phenomena namely, light perfect absorption27–29,
directional light emission30–34, manipulating and con-
trolling spontaneous emission35–37, electromagnetically-
induced-transparency38, Fano resonances39,40, electro-
magnetic cloaking41,42, and also optical force43–48 and
torque49–52 among many others. For small particles com-
pared to the wavelength, induced electric and magnetic
dipole and quadrupole moments are usually sufficient to
fully understand the underlying physics. In this paper,
we derive analytical expressions for the exerted optical
force based on multipole expansion53–57 up to quadrupo-
lar polarizabilities. Detailed derivations are given in the
supplementary material. We theoretically and numeri-
cally study optical pulling, pushing, and lateral forces
exerted on an isotropic particle for single and two tilted
plane waves. The conditions for optical pushing, pulling,
and lateral forces are discussed. In particular, we explore
the effects of the illumination parameters i.e the wave-
length, the angle between the two plane waves, and the
position of the particle on the exerted optical force. The
analytical expressions (Theory) are verified with the nu-
merical solution of Maxwell’s equations using COMSOL
(Simulation). The electric and magnetic fields obtained
through the simulations are employed to calculate the
Maxwell stress tensor and finally the optical force can be
calculated accordingly, see Eq. (1). In the following, we
focus on the underlying theory and explain our results
and its physical implications.
II. THEORY
The time averaged mechanical force exerted on an ar-
bitrary particle by an optical wave can be calculated
as1,58,59:
〈F〉 =
〈z
s
T(r, t) · ndS
〉
, (1)
with S being any closed surface surrounding the particle,
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FIG. 1. (a)-(b) The schematic of an isotropic particle illumi-
nated by two tilted linearly polarized transverse electric (TE)
and transverse magnetic (TM) plane waves, respectively.
n the outward unit normal vector to the surface, and
T the Maxwell’s stress tensor. The underline denotes
the time-domain expressions. The Maxwell stress tensor
(MST) is a tensor of second rank whose elements are
defined as58,59:
T ij = ε0
[
EiEj + c
2BiBj −
1
2
δij
(|E|2 + |B|2)] (2)
where E, B are the total (incoming plus scattered) elec-
tric and magnetic fields in the i, j = x, y, z axis, respec-
tively. δij represents the Kronecker delta function.
Although the method based on the MST provides the
exact solution, it does not suit the interpretative under-
standing of the light-matter interaction. To this end,
we use the multipole expansion method. We decompose
the induced current density in the particle in terms of
the electric and the magnetic multipole moments. For a
small polarizable particle (compared to wavelength), de-
pending on the geometry, material, and the illumination,
the decomposition of induced current leads to the defini-
tion of the electric and magnetic dipole and quadrupole
polarizabilities (neglecting the higher order polarizabili-
ties). The induced electric and magnetic dipoles in Carte-
sian coordinates for an isotropic particle are expressed in
terms of electric (αe) and magnetic (αm) polarizabilities
as p = ε0αeE and m = αmH, respectively. The elec-
tric and magnetic quadrupole moments for an isotropic
particle is defined as60,61:
Qe = ε0αQe
∇E+E∇
2
,
Qm = αQm
∇H+H∇
2
,
where αQe and αQm are the Cartesian quadrupolar
polarizabilities. Using the relation (∇A+A∇)ij =
∂iAj + ∂jAi, any component of Qe and Qm is cal-
culated as Qeij = ε0αQe (∂iEj + ∂jEi) /2 and Qmij =
αQm (∂iHj + ∂jHi) /2, respectively.
The optical force exerted on a particle by an arbitrary
illumination can be written as the following (truncated
at quadrupole order)55–57:
F = [Fp + FQe + ...] + [Fm + FQm + ...]
+ [Fpm + FQeQm + ...] (3)
+ [FpQe + ...] + [FmQm + ...] ,
where Fp(Fm) is the individual contribution of an elec-
tric (magnetic) dipole moment to the total optical force.
FQe(FQm) is the contribution of an individual electric
(magnetic) quadrupole moment; and the other expres-
sions are the contribution of the interference between two
multipole moments.
Neglecting higher order terms, Eq. (3) can be rewritten in terms of Cartesian dipole and quadrupole moments as
follows9,55–57:
Fi =
1
2
Re
∑
j
pj∇iE∗j
+ 1
2
Re
∑
j
mj∇iB∗j
− k4
12piε0c
Re
∑
j,k
ijkpjm
∗
k

− k
5
120piε0
Im
∑
j
(Qe)ij p
∗
j
+ 1
12
Re
[
(Qe)jk∇i∇kE∗j
]
+
k5
120piε0c2
Im
[
(Qm)ijm
∗
j
]
+
1
12
Re
[∑
k
(Qm)jk∇i∇kB∗j
]
− k
6
9× 240piε0cRe
∑
l,j,k
εijk(Q
e)lj (Q
m)
∗
lk
 , (4)
in which Ei and Bi are components of the incident electric and magnetic fields, respectively, and ijk is the Levi-Civita
symbol.
As shown in Fig. 1, consider an illumination composed of two tilted plane waves with wave vectors k1 =
k[sinψ, 0, cosψ] and k2 = k[−sinψ, 0, cosψ], illuminating an isotropic particle, where ψ is the tilting angle. We define
3the TE and TM illuminations as the following:
ETE =
E0
2
(
eik1·r + eik2·r
)
ey, (5)
ETM =
E0
2
 cosψ0
−sinψ
 eik1·r +
 cosψ0
sinψ
 eik2·r
 . (6)
The time averaged optical forces exerted on an isotropic particle located at the position r0 = (x0, y0, z0) by the TE
and TM illuminations, i.e. Eqs. (5)-(6) read as (see supplementary material):
F
TE ≈ FTEp + F
TE
m + F
TE
pm + F
TE
Qe + F
TE
Qm + F
TE
pQe + F
TE
mQm + F
TE
QeQm , (7)
F
TE
p = −
3
2
sinψsin2δRe (α¯e) ex + 3cosψcos
2δIm (α¯e) ez,
F
TE
m = −
3
2
sinψsin2δcos2ψRe (α¯m) ex + 3cosψ
(
cos2ψcos2δ + sin2ψsin2δ
)
Im (α¯m) ez,
F
TE
pm = −
3
2
sinψsin2δIm (α¯eα¯
∗
m) ex − 3cosψcos2δRe (α¯eα¯∗m) ez,
F
TE
Qe = −
5
2
sinψsin2δcos2ψRe (α¯Qe) ex + 5cosψ
(
cos2ψcos2δ + sin2ψsin2δ
)
Im (α¯Qe) ez,
F
TE
Qm = −
5
2
sinψsin2δcos4ψRe (α¯Qm) ex + 5cosψ
(
cos22ψcos2δ + sin22ψsin2δ
)
Im (α¯Qm) ez,
F
TE
pQe = +
3
2
sinψsin2δIm (α¯Qe α¯
∗
e)ex − 3cosψcos2δRe (α¯Qe α¯∗e) ez,
F
TE
mQm = +
3
2
sinψsin2δ
(
cos2ψ + 2cos2ψ
)
Im (α¯Qm α¯
∗
m) ex − 3cosψ
(
cos2ψcos2δ + 2sin2ψsin2δ
)
Re (α¯Qm α¯
∗
m) ez,
F
TE
QeQm = −
5
6
sinψsin2δ
(
cos2ψ + 2cos2ψ
)
Im
(
α¯Qe α¯
∗
Qm
)
ex − 5
3
cosψ
(
cos2ψcos2δ + 2sin2ψsin2δ
)
Re
(
α¯Qe α¯
∗
Qm
)
ez,
F
TM ≈ FTMp + F
TM
m + F
TM
pm + F
TM
Qe + F
TM
Qm + F
TM
pQe + F
TM
mQm + F
TM
QeQm , (8)
F
TM
p = −
3
2
sinψsin2δcos2ψRe (α¯e) ex + 3cosψ
(
cos2ψcos2δ + sin2ψsin2δ
)
Im (α¯e)ez,
F
TM
m = −
3
2
sinψsin2δRe (α¯m) ex + 3cosψcos
2δIm (α¯m) ez,
F
TM
pm = +
3
2
sinψsin2δIm (α¯eα¯
∗
m) ex − 3cosψcos2δRe (α¯eα¯∗m) ez,
F
TM
Qe = −
5
2
sinψsin2δcos4ψRe (α¯Qe) ex + 5cosψ
(
cos22ψcos2δ + sin22ψsin2δ
)
Im (α¯Qe) ez,
F
TM
Qm = −
5
2
sinψsin2δcos2ψRe (α¯Qm) ex + 5cosψ
(
cos2ψcos2δ + sin2ψsin2δ
)
Im (α¯Qm) ez,
F
TM
pQe = +
3
2
sinψsin2δ
(
cos2ψ + 2cos2ψ
)
Im (α¯Qe α¯
∗
e) ex − 3cosψ
(
cos2δcos2ψ + 2sin2ψsin2δ
)
Re (α¯Qe α¯
∗
e) ez,
F
TM
mQm = +
3
2
sinψsin2δIm (α¯Qm α¯
∗
m) ex − 3cosψcos2δRe (α¯Qm α¯∗m) ez,
F
TM
QeQm = +
5
6
sinψsin2δ
(
cos2ψ + 2cos2ψ
)
Im(α¯Qe α¯
∗
Qm)ex −
5
3
cosψ
(
cos2δcos2ψ + 2sin2ψsin2δ
)
Re
(
α¯Qe α¯
∗
Qm
)
ez.
where we define α¯e,m = αe,m/αd, α¯Qe,m = αQe,m/αq, and
δ = ksinψx0. αq = 120pi/k5 and αd = 6pi/k3 are the po-
larizability normalizations for dipoles and quadrupoles,
respectively. Please note that a lateral change in x0, be-
ing the spatial position of the particle, has the equivalent
effect on the force as a phase shift ∆φ = −2kx0 sinψ in
the two plane waves illuminating the particle. This makes
sense as the spatial interference pattern that the two
plane waves form only depends on the phase difference.
The optical force exerted on the particle only depends on
its position along the x-axis while it is independent on
the position along the z- and y-axis (i.e. it depends on
δ = ksinψx0). Throughout the paper, optical forces are
normalized to Fnorm = (I0/c)
[
λ2/ (2pi)
]
= I0kαd/ (3c).
4The normalization factor of Fnorm is of physical signif-
icance and 3Fnorm corresponds to the upper bound for
the exerted optical force on an isotropic electric/magnetic
dipolar particle illuminated by a plane wave57.
III. THEORETICAL AND NUMERICAL
RESULTS
In the following, we consider a dielectric sphere made
from a material with a permittivity of ε = 3.52, and
radius a. Figure 2 shows the calculated polarizabilities.
They are calculated by using electric and magnetic Mie
coefficients (i.e. a1, a2 and b1, b2)62:
αe = i
6pi
k3
a1 = iαda1, αm = i
6pi
k3
b1 = iαdb1, (9)
αQe = i
120pi0
k5
a2 = iαqa2, αQm = i
120pi
k5
b2 = iαqb2.
Alternatively, they can be extracted from exact multi-
pole moments based on induced current63,64. We restrict
ourselves to the wavelength region in where the lowest
order polarizabilities have their lowest order resonances.
Having the polarizabilities, through Eqs. (7) and (8), the
exerted optical force due to the contribution of different
multipole moments can be derived. Below, we consider
several scenarios for the illumination.
A. Single plane wave illumination
Assuming a plane wave excitation, i.e. ψ = 0, using
Eqs.(7) or (8) the normalized optical force exerted on an
isotropic particle is calculated as:
F ≈ 3Im (α¯e + α¯m) + 5Im (α¯Qe + α¯Qm) (10)
− 3Re
(
α¯eα¯
∗
m + α¯Qe α¯
∗
e + α¯Qm α¯
∗
m +
5
9
α¯Qe α¯
∗
Qm
)
ez.
The theoretical results based on the derived equation
are shown in Fig. 3. As a verification, the results of the
COMSOL simulation are also shown in Fig. 3(c).
As can be seen in Fig. 3(a) and (b), interference terms
can have negative (pulling) contributions to the total op-
tical force, while the individual contributions of the mo-
ments are positive across the entire spectrum (the imagi-
nary part of the polarizabilities is always positive for pas-
sive particles). With a single plane wave illumination, the
total optical force is always positive (pushing), Fig. 3(c).
Further, it can be observed that the quadrupolar terms
have the dominant contributions to the highest values of
the optical force at lower wavelengths. The optical force,
as can be intuitively expected, is in the direction of the
overall linear momentum, i.e. here, in the z-direction.
(a) (b)
(c) (d)
FIG. 2. (a)-(b) Real and imaginary parts of the normalized
Cartesian dipole and quadrupole polarizabilities of a sphere
with permittivity ε = 3.52 and radius a.
(a) (b) 
(c) 
FIG. 3. Single plane wave illumination: (a)-(b) Contribution
of different moments to the multipolar force exerted by a sin-
gle plane wave. (c) The exerted analytical and simulated opti-
cal force calculated by the analytical expression, i.e. Eq. (10)
and the numerical approach based on MST, i.e. Eq. (1), re-
spectively.
B. Two plane wave illumination: sphere at r = 0
Assuming the sphere to be located in the center of the
coordinate system, i.e r = (0, 0, 0), and being illuminated
with the wave expressed by Eqs. 5-6, the calculated op-
tical force as a function of the tilting angle ψ and the
particle’s size parameter, i.e. a/λ, is shown in Fig. 4(a)
and (b) for TE- and TM-polarization, respectively. An
optical pulling force is achieved for certain tilting angles
for both TE and TM illuminations. This can be expected
already by inspecting Eqs. (7)-(8), since the contribution
of negative terms can dominate for some large angles as
5TE TM 
(b) (a) 
FIG. 4. Two plane wave illumination and the sphere located
at r = 0: (a)-(b) Exerted optical forces by two tilted plane
waves as a function of the tilting angle and the particle’s size
parameter, i.e. a/λ for TE and TM illuminations, respec-
tively.
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FIG. 5. Two plane wave illumination and the sphere located
at r = 0: (a)-(b) Exerted optical forces on the dielectric
sphere, with permittivity ε = 3.52, by two tilted plane waves
at a/λ = (1/7.52) and (1/5.26) for TE and TM illuminations,
respectively. (c)-(d) Contribution of different orders of dipoles
and their interference to the optical force.
the positive terms are attenuating faster as the angle in-
creases.
To make a better analysis of the negative force, we choose
a smaller sized sphere, where dipole moments are domi-
nant, and neglect the quadrupolar moments. Therefore,
the optical force simplifies to:
F ≈ Fp + Fm + Fpm, (11)
F
TE ≈ 3cosψ [Im (α¯e) + Im (α¯m) cos2ψ − Re (α¯eα¯∗m)] ez,
F
TM ≈ 3cosψ [Im (α¯e) cos2ψ + Im (α¯m)− Re (α¯eα¯∗m)] ez.
The calculated optical force is shown in Fig. 5 for cer-
tain values of a/λ = (1/7.52), (1/5.26) for TE and TM
illuminations, respectively.
Based on this figure, for small values of the tilting an-
gle ψ, a pushing force is exerted on the particle. As
the tilting angle increases, for the TE(TM) polarization
(a) (b)
(d)(c)
(f)(e)
𝑎
λ
= 0.133
𝑎
λ
= 0.2
𝑎
λ
= 0.133
TE Fz TE Fx
TM Fz TM Fx
𝑎
λ
= 0.2
FIG. 6. Two plane wave illumination and the sphere located at
r = r0: (a-d) Exerted optical forces on the dielectric sphere as
a function of its position on the x-axis and its size parameter,
i.e. a/λ for TE and TM illuminations. (e,f) Periodic optical
pushing/pulling forces on the dielectric sphere at a/λ = 0.133
and 0.2 for both TE and TM illuminations, respectively.
the magnitude of the force reduces until it vanishes at
ψ = 62◦ (76◦) and beyond that the pulling force appears,
showing a minimum at ψ = 75◦ (83◦). For both TE
and TM illuminations, the terms Fp and Fm are posi-
tive, however, the term Fpm in both cases is negative,
canceling out the contributions of the positive terms at
certain angles. Then, it becomes possible to reduce the
positive contributions to the optical force and to achieve
an overall negative force. In other words, according to
Eq. (11) for TE (TM) polarization, the term Fm (Fp)
vanishes due to the term cos3ψ for large ψ [see Fig. 5
(a)-(d)]. Meanwhile, the overall force is decreased due
to the term cosψ, a factor which appears as a total pre-
factor.
C. Two plane wave illumination: sphere at r = r0
In order to investigate the effects of the particle posi-
tion r0 on the force exerted on it, which shows itself in
the equations through the angle δ = ksinψx0, the exerted
optical forces as a function of the position and the parti-
cle’s size parameter, i.e. a/λ is shown in Fig. 6 (a)-(d).
The tilting angles for the TE and TM polarizations are
76◦ and 73◦, respectively. It can be seen that the particle
experiences a periodic optical force. The existence of the
6(b) (c)
FIG. 7. Two plane wave illumination using Eq. (12) and sphere located at r = r0: (a) The schematic of an isotropic particle
illuminated by two tilted linearly polarized plane waves. (b)-(c) Optical forces versus ξ and x0/a exerted on the dielectric
sphere with permittivity ε = 3.52 and illuminated by two tilted linearly polarized plane waves at wavelength λ = 6 a with
angles (ψ = 75◦, x0 = a/2). (c) for ψ = 75◦, ξ = 45◦. The solid line is the simulation and the circles are the analytical results
calculated by using Eq. (13).
lateral force is due to the gradient of the field intensity
along the x-axis. Moreover, according to these figures
it can be realized that the quadrupolar terms (around
a/λ = 0.2 and 0.25, see also Figure 2) cause major vari-
ations of the optical force in amplitude and sign for both
TE and TM illuminations. Figure 6 (e)-(f) depict the
theoretical and simulated exerted forces (i.e. both x and
z components) calculated for a/λ = 0.133 and 0.2 with
the periodicity of Λ = λ/sinψ with respect to the x-axis
(see the definition of δ). Theoretical results using Eq. (8)
are in perfect agreement with the simulation results.
In order to explore other possible influences of two-
plane wave illumination in the x-z-plane on the exerted
optical force, the following generalized excitation is de-
fined:
E =
E0
2
 01
0
 eik1·r +
 cosψsinξcosξ
sinψsinξ
 eik2·r
 , (12)
where ξ is the deviation angle between electric field po-
larization of the two plane waves. The time averaged
optical force exerted on an isotropic dipolar particle by
the above illumination can be derived as:
Fx = −3
2
[Re (α¯e) + Re (α¯m) cos2ψ − Re (α¯eα¯∗m)]
sinψcosξsin2δ,
Fy =
3
2
[
Re
(
e−2iδα¯eα¯∗m
)]
sinψsinξcosψ,
Fz =
3
2
cosψ {(1 + cos2ψcosξcos2δ) Im(α¯m)
+ [Im(α¯e)− Re(α¯eα¯∗m)] (1 + cosξcos2δ)} . (13)
Intuitively, one might expect to have an exerted optical
force only in the direction of the overall linear momen-
tum, i.e. k1 + k2 = 2kcosψez. However, according to
Eq. (13), lateral forces (in both directions of x and y)
can be experienced by a fully symmetric (isotropic) par-
ticle for certain angles of ψ and ξ. These peculiar lateral
forces can be elaborated on the basis of the symmetry
breaking mediated by the illuminating wave rather than
the particle. The variation of lateral optical forces ex-
erted on the dielectric sphere for parameters ξ, ψ = 75◦,
x0 = a/2 and ψ = 75◦, ξ = 45◦ are illustrated in Fig. 7
(a)-(b), respectively.
IV. CONCLUSION
In conclusion, we investigated the optical force exerted
on an isotropic particle by two plane waves and demon-
strated theoretically that pushing-pulling forces for ei-
ther TE or TM illuminations is possible. Our method,
based on the theoretical calculations of multipolar forces,
revealed the contribution of each electric and magnetic
moment up to quadrupole terms (including their interfer-
ences) to the optical force. Additionally, this approach
elaborates the optical force in a closed form due to the
electrodynamical formalism of all influential parameters
i.e. the designated angles, polarizabilities and amplitudes
for either TE or TM illuminations. According to this for-
malism, we also showed the existence of lateral forces, in
both x and y directions, for certain angles of ψ, ξ and
an interval of deviation of the object from the center x0.
Our approach and findings can be employed in the op-
tical manipulations and sorting of micro/nano particles
with different illuminations.
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7Appendix A: Optical force: TE illumination
1. Useful expressions
a. Optical force
The total optical force exerted on a small particle up to quadrupole moments (neglecting higher order terms) reads
as9:
〈Fi〉 = 1
2
Re
∑
j
pj∇iE∗j
+ 1
2
Re
∑
j
mj∇iB∗j
− k4
12piε0c
Re
∑
j,k
ijkpjm
∗
k

− k
5
120piε0
Im
∑
j
(Qe)ij p
∗
j
+ 1
12
Re
[
(Qe)jk∇i∇kE∗j
]
+
k5
120piε0c2
Im
[
(Qm)ijm
∗
j
]
+
1
12
Re
[∑
k
(Qm)jk∇i∇kB∗j
]
− k
6
9× 240piε0cRe
∑
l,j,k
εijk(Q
e)lj (Q
m)
∗
lk
 . (A1)
In the following sections, we will use Eq. A1, to derive analytical expressions for the exerted optical force on a small
particle up to quadrupolar moments.
b. Electric and magnetic fields and and their derivatives
Here, we derive the whole required electromagnetic fields and their derivatives which are necessary to derive the
exerted optical forces on small particles by TE and TM illuminations. The TE illumination is defined as E =
E0
(
eik1·r + eik2·r
)
ey/2, where k1 and k2 are wave vectors of the two plane waves and are defined as:
k1 = k[sinψ, 0, cosψ]
T , k2 = k[−sinψ, 0, cosψ]T . (A2)
The field at any arbitrary point r0(x0, y0, z0) can also be written as:
E |r=r0 = E0cosδeikcosψz0ey, (A3)
where δ = ksinψx0. The corresponding magnetic field is calculated as:
B = Bxex +Bzez =
1
ω
[(k1 ×E1) + (k2 ×E2)] ,
=
k
ω
cosψez × (E1 +E2) + k
ω
sinψex × (E1 −E2) , (A4)
where Ei=1,2 = E02 e
iki·rey. Therefore, the magnetic field at any arbitrary point r0(x0, y0, z0) can be written as the
following:
Bz |r=r0 = iE0
k
ω
sinψsinδeikcosψz0 ,
Bx |r=r0 = −E0
k
ω
cosψcosδeikcosψz0 . (A5)
Some useful expressions for the derivatives of the electric and magnetic fields can be calculated as follows:
∂Ey
∂x
|r=r0 = −E0ksinψsinδeikcosψz0 ,
∂Ey
∂x
|r=r0 = 0,
∂Ey
∂x
|r=r0 = iE0kcosψcosδeikcosψz0 , (A6)
8∂Hz
∂x
|r=r0 = iE0
k2
ωµ
sin2ψcosδeikcosψz0 ,
∂Hx
∂z
|r=r0 = −iE0
k2
ωµ
cos2ψcosδeikcosψz0 ,
∂Hx
∂x
|r=r0 = E0
k2
ωµ
sinψcosψsinδeikcosψz0 ,
∂Hz
∂z
|r=r0 = −E0
k2
ωµ
sinψcosψsinδeikcosψz0 , (A7)
∇z∇xE∗y |r=r0 = iE∗0k2cosψsinψsinδe−ikcosψz0 ,
∇z∇zE∗y |r=r0 = −E∗0k2cos2ψcosδe−ikcosψz0 ,
∇x∇xE∗y |r=r0 = −E∗0k2cosδsin2ψe−ikcosψz0 ,
∇x∇zE∗y |r=r0 = iE∗0k2sinψcosψsinδe−ikcosψz0 , (A8)
∇z∇zB∗x |r=r0 = E∗0
k3
ω
cos3ψcosδe−ikcosψz0 ,
∇z∇xB∗z |r=r0 = −E∗0
k3
ω
sin2ψcosψcosδe−ikcosψz0 ,
∇z∇xB∗x |r=r0 = −iE∗0
k3
ω
sinψcos2ψsinδe−ikcosψz0 ,
∇x∇xB∗x |r=r0 = E∗0
k3
ω
sin2ψcosψcosδe−ikcosψz0 ,
∇x∇xB∗z |r=r0 = iE∗0
k3
ω
sin3ψsinδe−ikcosψz0 ,
∇z∇zB∗z |r=r0 = iE∗0
k3
ω
cos2ψsinψsinδe−ikcosψz0 . (A9)
c. Induced multipole moments
Electric and magnetic dipole moments for an isotropic object are defined as p = ε0αeE and m = αmH, where
p and m are the electric and magnetic dipole moments, respectively. αe and αm denote the scalar electric and
magnetic polarizabilities, respectively. Using the electric and magnetic fields in Eqs.~A3-A5, the induced moments
for an isotropic particle reads as:
p = ε0αeE = ε0αeE0cosδe
ikcosψz0ey, (A10)
m = αmH = αmE0
k
µω
(
isinψsinδeikcosψz0ex − cosψcosδeikcosψz0ez
)
. (A11)
The electric quadrupole moment (Qe) induced in an isotropic particle is defined as:
Qe =
 Qexx Qexy QexzQexy Qeyy Qeyz
Qexz Q
e
yz Q
e
zz
 , (A12)
where the elements of the matrix are defined as Qeij = ε0αQe (∂iEj + ∂jEi) /2 , i, j = 1, 2, 3 for x, y and z60,61. Qe
is a second rank tensor and a traceless matrix, i.e. Qexx + Qeyy + Qezz = 0. Using Eq. A6, we can calculate all the
components of the electric quadrupole moments:
9Qexx = ε0αQe
∂xEx + ∂xEx
2
= 0,
Qeyy = ε0αQe
∂yEy + ∂yEy
2
= 0,
Qezz = ε0αQe
∂zEz + ∂zEz
2
= 0,
Qezx = ε0αQe
∂zEx + ∂xEz
2
= 0,
Qeyz = ε0αQe
∂yEz + ∂zEy
2
= ε0αQe
∂zEy
2
,
=
ikE0
2
ε0αQecosψcosδe
ikcosψz0 ,
Qeyx = ε0αQe
∂yEx + ∂xEy
2
= ε0αQe
∂xEy
2
,
= −kE0
2
ε0αQesinψsinδe
ikcosψz0 . (A13)
Similarly, the magnetic quadrupole moment (Qm) for an isotropic particle is defined as :
Qm =
 Qmxx Qmxy QmxzQmxy Qmyy Qmyz
Qmxz Q
m
yz Q
m
zz
 , (A14)
where the elements of the matrix are defined as Qmij = αQm (∂iHj + ∂jHi) /2, and i, j = 1, 2, 3 for x, y and z60,61.
Qm is a second rank tensor and a traceless matrix, i.e. Qmxx +Qmyy +Qmzz = 0. Using the magnetic field in Eq. A5 and
its derivative Eq. A7, we can calculate all components of the magnetic quadrupole moments:
Qmyy = αQm
∂yHy + ∂yHy
2
= 0,
Qmyx = αQm
∂yHx + ∂xHy
2
= 0,
Qmxx = αQm
∂xHx + ∂xHx
2
= αQm∂xHx,
= E0
k2
ωµ
αQmsinψcosψsinδe
ikcosψz0 ,
Qmzz = −Qmxx,
Qmyz = αQm
∂yHz + ∂zHy
2
= 0,
Qmxz = αQm
∂xHz + ∂zHx
2
,
= i
E0
2
k2
ωµ
αQm
(
sin2ψ − cos2ψ) cosδeikcosψz. (A15)
In the following section, we calculate the components of the optical force by using the induced multipole moments,
the electric and magnetic fields and their derivatives.
2. Fp contribution
According to Eq. A1, the electric dipole contribution reads as:
Fi(p) =
1
2
Re
∑
j
pj∇iE∗j
 , (A16)
i, j = 1, 2, 3 for x, y and z. Using the electric field in Eq. A3, and the definition of the electric dipole moment
p = 0αeE, it can be easily seen that the y component of Fp is zero.
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Using Eq. A16, the x component of Fp reads as:
Fx(p) =
1
2
Re
(
px
∂
∂x
E∗x + py
∂
∂x
E∗y + pz
∂
∂x
E∗z
)
=
1
2
Re
(
py
∂
∂x
E∗y
)
. (A17)
Now, by substituting Eq. A10 and Eq. A6 into Eq. A17, we obtain:
Fx(p) =
1
2
Re
[
ε0
∣∣E20 ∣∣αecosδsinδ (−ksinψ)] ,
= −3
(
k3
6pi
)
F normsinψcosδsinδRe (αe) ,
= −3
(
k3
12pi
)
F normsinψsin2δRe (αe) .
Finally, by using the definition of the normalized force, i.e. F¯ = F/Fnorm and the normalized electric polarizability,
i.e. α¯e = αe/αd, we obtain
F¯x(p) = −3
2
sinψsin2δRe(α¯e), (A18)
where αd = 6pi/k3, and Fnorm = I0c
λ2
2pi . This expression is documented in Eq. 7 of the main manuscript.
Similarly, the z component of Fp read as:
Fz(p) =
1
2
Re
(
px
∂
∂z
E∗x + py
∂
∂z
E∗y + pz
∂
∂z
E∗z
)
=
1
2
Re
(
py
∂
∂z
E∗y
)
. (A19)
Now, by substituting Eq. A10 and Eq. A6 into Eq. A19, we obtain:
Fz(p) =
1
2
Re
[
ε0
∣∣E20 ∣∣αecos2 (δ) (−ikcosψ)] ,
= 3
(
k3
6pi
)
F normcosψcos2δIm (αe) .
Then, the normalized contribution is derived as:
F¯z(p) = 3cosψcos
2δIm (α¯e) , (A20)
This expression is documented in Eq. 7 of the main manuscript.
3. Fm contribution
According to Eq. A1, the magnetic dipole contribution reads as:
Fi(m) =
1
2
Re
∑
j
mj∇iB∗j
 , (A21)
i, j = 1, 2, 3 for x, y and z. Using the magnetic field, i.e. Eq. A5, and the definition of the magnetic dipole moment
m = αmH, it can be easily seen that the y component of the Fm is zero.
Using Eq. A21, the x component of Fm read as
Fx(m) =
1
2
Re
(
mx
∂
∂x
B∗x +my
∂
∂x
B∗y +mz
∂
∂x
B∗z
)
,
=
1
2
Re
(
mx
∂
∂x
B∗x +mz
∂
∂x
B∗z
)
. (A22)
Now, by substituting Eq. A11 and Eq. A7 into Eq. A22, we obtain:
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Fx(m) =
1
2
Re
[
αm (ksinψ)
1
µ
(
k
ω
)2
(
sin2ψ − cos2ψ) cosδsinδ |E0|2] ,
= 3
(
k3
6pi
)
F normsinψcosδsinδ
(
sin2ψ − cos2ψ)Re (αm) ,
= −3
(
k3
6pi
)
F normsinψcosδsinδcos2ψRe (αm) ,
= −3
2
(
k3
6pi
)
F normsinψsin2δcos2ψRe (αm) . (A23)
Finally, by using the definition of the normalized force, i.e. F¯ = F/Fnorm and the normalized magnetic polarizability,
i.e. α¯m = αm/αd, we obtain:
F¯x(m) = −3
2
sinψsin2δcos2ψRe (α¯m) . (A24)
This expression is documented in Eq. 7 of the main manuscript.
Similarly, the z component of Fm reads as:
Fz(m) =
1
2
Re
(
mx
∂
∂z
B∗x +my
∂
∂z
B∗y +mz
∂
∂z
B∗z
)
,
=
1
2
Re
(
mx
∂
∂z
B∗x +mz
∂
∂z
B∗z
)
. (A25)
Now, by substituting Eq. A11 and Eq. A7 into Eq. A25, we obtain
Fz(m) =
1
2
Re
(
−iε0kcos3ψcos2δαm |E0|2
)
+
1
2
Re
(
−iε0kcosψsin2ψsin2δαm |E0|2
)
,
= 3
(
k3
6pi
)
F normcosψ
(
cos2ψcos2δ + sin2ψsin2δ
)
Im (αm) , (A26)
Finally, the normalized contribution is derived as:
F¯z(m) = 3cosψ
(
cos2ψcos2δ + sin2ψsin2δ
)
Im (α¯m) , (A27)
this expression is documented in Eq. 7 of the main manuscript.
4. Fpm contribution
According to Eq. A1, the interference dipolar term reads as:
Fi(pm) = − k
4
12piε0c
Re
∑
j,k
ijkpjm
∗
k
 , (A28)
where ijk is the Levi-Civita symbol and is defined as:
ijk =

+1 if (i, j, k) is (1, 2, 3), (2, 3, 1), (3, 1, 2)
−1 if (i, j, k) is (3, 2, 1), (1, 3, 2), (2, 1, 3)
0 if i = j or j = k or i = k .
Using Eq. A28, the x component of Fpm read as
Fx(pm) =
−k4
12piε0c
Re
(
123pym
∗
z + 132pzm
∗
y
)
. (A29)
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Now, by substituting Eq. A10 and Eq. A11 into Eq. A29, we obtain:
Fx(pm) =
−k4
12piε0c
Re
[
(ε0αeEy)
(
αm
Bz
µ
)∗]
,
=
−k4
12pi
Re
[
−iε0αeα∗msinψcosδsinδ |E0|2
]
,
= −3
2
F normsinψsin2δIm
[(
k3
6pi
)2
(αeα
∗
m)
]
. (A30)
Finally, by using the definition of the normalized force and the normalized polarizabilities, we obtain:
F¯x(pm) = −3
2
sinψsin2δIm
[
k3
6pi
(α¯eα¯
∗
m)
]
. (A31)
This expression is documented in Eq. 7 of the main manuscript.
Using Eq. A28, the z component of Fpm read as
Fz(pm) =
−k4
12piε0c
Re
(
312pxm
∗
y + 321pym
∗
x
)
, (A32)
Now, by substituting Eq. A10 and Eq. A11 into Eq. A29, we obtain
Fz(pm) =
−k4
12piε0c
Re
[
(−1) (ε0αeEy)
(
αm
Bx
µ
)∗]
=
−k4
12pi
Re
[
ε0αeα
∗
mcosψcos
2δ |E0|2
]
= −3F normcosψcos2δRe
[(
k3
6pi
)2
(αeα
∗
m)
]
Finally, the normalized contribution derives as:
F¯z(pm) = −3cosψcos2δRe (α¯eα¯∗m) , (A33)
this expression is documented in Eq. 7 of the main manuscript.
5. FpQe contribution
According to Eq. A1, the optical force caused by the interference of the electrical dipole and electric quadrupole
reads as:
Fi(pQe) = − k
5
120piε0
Im
∑
j
(Qe)ij p
∗
j
 . (A34)
Using Eq. A34, the x component of FpQe reads as:
Fx(pQe) = − k
5
120piε0
Im
(
Qexyp
∗
y
)
. (A35)
Now, by substituting Eq. A10 and Eq. A13 into Eq. A35, we obtain:
Fx(pQe) =
k5
120pi
1
2
ε0k |E0|2 sinψcosδsinδIm (αQeα∗e) ,
=
3
2
F normsinψsin2δIm
(
k3
6pi
k5
120pi
αQeα
∗
e
)
.
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Finally, by using the definition of the normalized force, i.e. F¯ = F/Fnorm and the normalized electric dipolar and
quadrupolar polarizabilities, i.e. α¯e = αe/αd, α¯Qe = αQe/αq, we obtain:
F¯x(pQe) =
3
2
sinψsin (2δ) Im (α¯Qe α¯
∗
e) , (A36)
where αq = 120pi/k5. This expression is documented in Eq. 7 of the main manuscript.
Similarly, using Eq. A34, the z component of FpQe reads as:
Fz(pQe) = − k
5
120piε0
Im
(
Qezyp
∗
y
)
. (A37)
Now, by substituting Eq. A10 and Eq. A13 into Eq. A35, we obtain
Fz(pQe) = − k
5
120pi
1
2
ε0k |E0|2 cosψcos2δIm (iαQeα∗e) ,
= −3F normcosψcos2δRe
(
k3
6pi
k5
120pi
αQeα
∗
e
)
.
Finally, the normalized contribution is derived as:
F¯z(pQe) = −3cosψcos2δRe (α¯Qe α¯∗e) . (A38)
This expression is documented in Eq. 7 of the main manuscript.
6. FQe contribution
According to Eq. A1, the electric quadrupole (Qe) contribution reads as:
Fi(Qe) =
1
12
Re
[∑
k
(Qe)jk∇i∇kE∗j
]
. (A39)
Using Eq. A39, the x component of FQe read as
Fx(Qe) =
1
12
Re
[∑
k
(Qe)yk∇x∇kE∗y
]
,
=
1
12
Re
[
(Qe)yx∇x∇xE∗y + (Qe)yz∇x∇zE∗y
]
, (A40)
Now, by substituting Eq. A8 and Eq. A13 into Eq. A40, we obtain
Fx(Qe) =
1
12
Re
[
−1
2
ε0αQeE0ksinψsin (δ)
(−E∗0k2cosδsin2ψ)] ,
+
1
12
Re
[
1
2
iε0αQeE0kcosψcos (δ)
(
iE∗0k
2cosψsinψsinδ
)]
,
= −5
2
F normsinψsin2δcos2ψRe
(
k5
120pi
αQe
)
,
Finally, by using the definition normalized force and the normalized polarizabilities, we obtain:
F¯x(Qe) = −5
2
F normp sinψsin2δcos2ψRe (α¯Qe) .
This expression is documented in Eq. 7 of the main manuscript.
Using Eq. A39, the z component of FQe reads as:
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Fz(Qe) =
1
12
Re
[∑
k
(Qe)yk∇z∇kE∗y
]
,
=
1
12
Re
[
(Qe)yx∇z∇xE∗y + (Qe)yz∇z∇zE∗y
]
. (A41)
Now, by substituting Eq. A8 and Eq. A13 into Eq. A41, we obtain:
Fz(Qe) =
1
12
Re
[
−1
2
ε0αQeE0ksinψsinδ
(
iE∗0k
2cosψsinψsinδ
)]
,
= 5F normcosψ
(
cos2ψcos2δ + sin2ψsin2δ
)
Im
(
k5
120pi
αQe
)
.
Finally, the normalized contribution is:
F¯z(Qe) = 5cosψ
(
cos2ψcos2δ + sin2ψsin2δ
)
Im (α¯Qe) . (A42)
This expression is documented in Eq. 7 of the main manuscript.
7. FQm contribution
According to Eq. A1, the magnetic quadrupole(Qm) contribution is given by:
Fi(Qm) =
1
12
Re
[∑
k
(Qm)jk∇i∇kB∗j
]
. (A43)
Using Eq. A43, the x component of FQm read as
Fx(Qm) =
1
12
Re
[∑
k
(Qm)xk∇x∇kB∗x
]
+
1
12
Re
[∑
k
(Qm)zk∇x∇kB∗z
]
, (A44)
=
1
12
Re
[
(Qm)xx∇x∇xB∗x + (Qm)xy∇x∇yB∗x + (Qm)xz∇x∇zB∗x
]
,
+
1
12
Re
[
(Qm)zx∇x∇xB∗z + (Qm)zy∇x∇yB∗z + (Qm)zz∇x∇zB∗z
]
,
=
1
12
Re [(Qm)xz∇x∇zB∗x + (Qm)xx∇x∇xB∗x + (Qm)zx∇x∇xB∗z + (Qm)zz∇x∇zB∗z ] .
Now, by substituting Eq. A9 and Eq. A15 into Eq. A44, we obtain:
Fx(Qm) =
1
12
Re
{
iαQm
E0
2
(
k2
ωµ
(
sin2ψ − cos2ψ) cosδ)[−iE∗0 (k3ω sinψcos2ψsinδ
)]}
+
1
12
Re
[
αQmE0
k2
ωµ
sinψcosψsinδE∗0
(
k3
ω
sin2ψcosψcosδ
)]
+
1
12
Re
{
iαQm
E0
2
(
k2
ωµ
(
sin2ψ − cos2ψ) cosδ)[iE∗0 (k3ω sin3ψsinδ
)]}
+
1
12
Re
[
−αQmE0 k
2
ωµ
sinψcosψsinδ (−E∗0 )
(
k3
ω
sin2ψcosψcosδ
)]
= −5
2
F normp sinψsin2δ
(
cos22ψ − sin22ψ)Re( k5
120pi
αQm
)
.
Finally, by using the definition of the normalized force and the normalized magnetic quadrupolar polarizabilities,
i.e. α¯Qm = αQm/αq, we obtain:
F¯x(Qm) = −5
2
sinψsin2δ
(
cos22ψ − sin22ψ)Re (α¯Qm) . (A45)
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This expression is documented in Eq. 7 of the main manuscript.
Using Eq. A43, the z component of FQm reads as:
Fz(Qm) =
1
12
Re
[∑
k
(Qm)xk∇z∇kB∗x
]
+
1
12
Re
[∑
k
(Qm)zk∇z∇kB∗z
]
, (A46)
=
1
12
Re
[
(Qm)xz∇z∇zB∗x + (Qm)xx∇z∇xB∗x + (Qm)xy∇z∇yB∗x
]
,
+
1
12
Re
[
(Qm)zx∇z∇xB∗z + (Qm)zy∇z∇yB∗z + (Qm)zz∇z∇zB∗z
]
,
=
1
12
Re [(Qm)xz∇z∇zB∗x + (Qm)zx∇z∇xB∗z ] +
1
12
Re [(Qm)xx∇z∇zB∗x + (Qm)zz∇z∇zB∗z ] .
Now, by substituting Eq. A9 and Eq. A15 into Eq. A40, we obtain:
Fz(Qm) =
1
12
Re
{
iαQm
E0
2
[
k2
ωµ
(
sin2ψ − cos2ψ) cosδ] [E∗0 (k3ω cos3ψcosδ
)]}
+
1
12
Re
{
iαQm
E0
2
[
k2
ωµ
(
sin2ψ − cos2ψ) cosδ] [−E∗0 (k3ω sin2ψcosψcosδ
)]}
+
1
12
Re
[
αQmE0
k2
ωµ
sinψcosψsinδ (−i)E∗0
(
k3
ω
sinψcos2ψsinδ
)]
+
1
12
Re
[
−iαQmE0 k
2
ωµ
sinψcosψsinδE∗0
(
k3
ω
cos2ψsinψsinδ
)]
= 5F normcosψ
(
cos22ψcos2δ + sin22ψsin2δ
)
Im
(
k5
120pi
αQm
)
Finally, the normalized contribution derives as:
F¯z(Qm) = 5cosψ
(
cos22ψcos2δ + sin22ψsin2δ
)
Im (α¯Qm) . (A47)
This expression is documented in Eq. 7 of the main manuscript.
8. FmQm contribution
According to Eq. A1, the term due to the interference of the magnetic dipole (m) and quadrupole(Qm) is given by
Fi(mQm) = − k
5
120piε0c2
Im
[
(Qm)ijm
∗
j
]
. (A48)
Using Eq. A48, the x component of FmQm reads as:
Fx(mQm) = − k
5
120piε0c2
Im [(Qm)xzm
∗
z + (Q
m)xxm
∗
x] , (A49)
Now, by substituting Eq. A15 and Eq. A11 into Eq. A49, we obtain:
Fx(mQm) = − k
5
120piε0c2
Im
{
iαQm
E0
2
[
k2
ωµ
(
sin2ψ − cos2ψ) cosδ] eikcosψz0m∗z} ,
− k
5
120piε0c2
Im
(
αQmE0
k2
ωµ
sinψcosψsinδeikcosψz0m∗x
)
,
=
3
2
F normsinψsin2δ
[
cos (2ψ) + 2cos2ψ
]
Im
(
k5
120pi
k3
6pi
αQmα
∗
m
)
.
Finally, by using the definition of the normalized force and the normalized polarizabilities, we obtain:
F¯x(mQm) =
3
2
sinψsin2δ
[
cos (2ψ) + 2cos2ψ
]
Im (α¯Qm α¯
∗
m) . (A50)
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This expression is documented in Eq. 7 of the main manuscript.
Using Eq. A48, the z component of FmQm read as
Fz(mQm) = − k
5
120piε0c2
Im [(Qm)zxm
∗
x + (Q
m)zzm
∗
z] . (A51)
Now, by substituting Eq. A15 and Eq. A11 into Eq. A49, we obtain:
Fz(mQm) = − k
5
120piε0c2
Im
{
iαQm
E0
2
[
k2
ωµ
(
sin2ψ − cos2ψ) cosδ] eikcosψz0m∗x}
− k
5
120piε0c2
Im
(
−αQmE0 k
2
ωµ
sinψcosψsinδeikcosψz0m∗z
)
,
= −3F normcosψ (cos2ψcos2δ + 2sin2ψsin2δ)Re( k5
120pi
k3
6pi
αQmα
∗
m
)
.
Finally, the normalized contribution is derived as:
F¯z(mQm) = −3cosψ
(
cos2ψcos2δ + 2sin2ψsin2δ
)
Re (α¯Qm α¯
∗
m) . (A52)
This expression is documented in Eq. 7 of the main manuscript.
9. FQeQm contribution
According to Eq. A1, the term due to the interference of the electric quadrupole (Qe) and and magnetic quadrupole
(Qm) is given by:
Fi(QeQm) = − k
6
9× 240piε0cRe
∑
l,j,k
εijk(Q
e)lj (Q
m)
∗
lk
 . (A53)
Using Eq. A48, the x component of FQeQm reads as:
Fx(QeQm) = − k
6
9× 240piε0cRe
∑
l,j,k
ε1jk(Q
e)lj (Q
m)
∗
lk
 ,
= − k
6
9× 240piε0cRe
{[∑
l
ε123(Q
e)l2 (Q
m)
∗
l3
]
+
[∑
l
ε132(Q
e)l3 (Q
m)
∗
l2
]}
,
= − k
6
9× 240piε0cRe {(+1). [Q
e
12Q
m∗
13 +Q
e
22Q
m∗
23 +Q
e
32Q
m∗
33 ]
+(−1) [Qe13Qm∗12 +Qe23Qm∗22 +Qe33Qm∗32 ]} ,
= − k
6
9× 240piε0cRe
(
QexyQ
m∗
xz +Q
e
zyQ
m∗
zz
)
. (A54)
Now, by substituting Eq. A13 and Eq. A15 into Eq. A54, we obtain:
Fx(QeQm) = −5
6
F normsinψsin2δ
(
cos2ψ + 2cos2ψ
)
Im
[(
k5
120pi
)2
αQeα
∗
Qm
]
.
Finally, the normalized contribution is derived as:
F¯x(QeQm) = −5
6
sinψsin2δ
(
cos2ψ + 2cos2ψ
)
Im
(
α¯Qe α¯
∗
Qm
)
.
This expression is documented in Eq. 7 of the main manuscript.
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Using Eq. A48, the z component of FQeQm read as
Fz(QeQm) = − k
6
9× 240piε0cRe
∑
l,j,k
ε3jk(Q
e)lj (Q
m)
∗
lk

= − k
6
9× 240piε0cRe
[∑
l
ε312(Q
e)l1 (Q
m)
∗
l2 +
∑
l
ε321(Q
e)l2 (Q
m)
∗
l1
]
= − k
6
9× 240piε0cRe {(+1) [Q
e
11Q
m∗
12 +Q
e
21Q
m∗
22 +Q
e
31Q
m∗
32 ]
+(−1) [Qe12Qm∗11 +Qe22Qm∗21 +Qe32Qm∗31 ]} ,
=
k6
9× 240piε0cRe
(
QezyQ
m∗
zx +Q
e
xyQ
m∗
xx
)
. (A55)
Now, by substituting Eq. A13 and Eq. A15 into Eq. A55, we obtain
Fz(QeQm) =
k6
9× 240piε0cRe
(
QezyQ
m∗
zx +Q
e
xyQ
m∗
xx
)
= −5
3
F normcosψ
(
cos2ψcos2δ + 2sin2ψsin2δ
)
Re
[(
k5
120pi
)2
αQeα
∗
Qm
]
.
Finally, the normalized contribution is derived as:
F¯z(QeQm) = −5
3
cosψ
(
cos2ψcos2δ + 2sin2ψsin2δ
)
Re
(
α¯Qe α¯
∗
Qm
)
. (A56)
This expression is documented in Eq. 7 of the main manuscript.
Appendix B: Optical force: TM illumination
Using the duality in the Maxwell’s equations for the electric and magnetic fields/induced moments, similar expression
for optical force can be obtained for a TM polarization. The results are as following:
F
TM ≈ FTMp + F
TM
m + F
TM
pm + F
TM
Qe + F
TM
Qm + F
TM
pQe + F
TM
mQm + F
TM
QeQm , (B1)
F
TM
p = −
3
2
sinψsin2δcos2ψRe (α¯e) ex + 3cosψ
(
cos2ψcos2δ + sin2ψsin2δ
)
Im (α¯e)ez,
F
TM
m = −
3
2
sinψsin2δRe (α¯m) ex + 3cosψcos
2δIm (α¯m) ez,
F
TM
pm = +
3
2
sinψsin2δIm (α¯eα¯
∗
m) ex − 3cosψcos2δRe (α¯eα¯∗m) ez,
F
TM
Qe = −
5
2
sinψsin2δcos4ψRe (α¯Qe) ex + 5cosψ
(
cos22ψcos2δ + sin22ψsin2δ
)
Im (α¯Qe) ez,
F
TM
Qm = −
5
2
sinψsin2δcos2ψRe (α¯Qm) ex + 5cosψ
(
cos2ψcos2δ + sin2ψsin2δ
)
Im (α¯Qm) ez,
F
TM
pQe = +
3
2
sinψsin2δ
(
cos2ψ + 2cos2ψ
)
Im (α¯Qe α¯
∗
e) ex − 3cosψ
(
cos2δcos2ψ + 2sin2ψsin2δ
)
Re (α¯Qe α¯
∗
e) ez,
F
TM
mQm = +
3
2
sinψsin2δIm (α¯Qm α¯
∗
m) ex − 3cosψcos2δRe (α¯Qm α¯∗m) ez,
F
TM
QeQm = +
5
6
sinψsin2δ
(
cos2ψ + 2cos2ψ
)
Im
(
α¯Qe α¯
∗
Qm
)
ex − 5
3
cosψ
(
cos2δcos2ψ + 2sin2ψsin2δ
)
Re
(
α¯Qe α¯
∗
Qm
)
ez.
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